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^ Abstract 

An embedding superspace, whose Bosonic part is the flat 2 + 1 dimensional embedding 
space for AdS2, is introduced. Superfields and several supersymmetric models are examined 
in the embedded AdS 2 superspace. 
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The N = 1 supersymmetry (SUSY) algebra in AdS% space can be writtenS 

[J^, Q] = -E^Q (16) 

{Q,Q} = 2£^. (lc) 

AdS? corresponds to a surface of constant curvature embedded in flat 2+1 dimensional 
space time (2+1D) described by the constraint 

z% = a 2 . (2) 

In this letter, we follow Dirac's approach to dS± space [1]; we work in the embedding 
space, rather than directly in the two dimensional curved space itself, and we use the 50(2, 1) 
generators associated with the symmetries on this curved surface. A similar approach has 
been used by Adler [3] and Drummond and Shore [4] to analyze massless gauge theories on 
the surface 5*4, using the 5*0(5) generators associated with 5*4. 

In a previous paper [2] we constructed, using this approach, a component field supersym- 
metric model involving two real spin zero fields and one Majorana spinor field. These fields 
we have shown to carry full off shell implementation of the SUSY algebra (1) above. 

In this letter we wish to report on some progress in developing a superspace and superfield 
method of addressing this problem. Our approach is modelled directly on Dirac's approach. 
What we do in this paper is distinct from the approach employed in [5,6] where AdS2 
supersymmetry is implemented directly in 2|2 curved superspace [7,8,9] by specializing to 
the appropriate fixed geometry. 

We consider a superspace with a 2 + 1 D Bosonic part, corresponding to the embedding 

space for AdS2, with coordinates x M (fi = 1,2,3), and a Fermionic part with Grassmann 

coordinates given by a Majorana spinor 9i(i = 1,2). The AdS 2 superspace is an embedded 

surface in this superspace given by the supersymmetric generalization of the above constraint. 

1 The metric is r]^ — diag(+, — , +) and we take 7^7^ = — rf v + 2E Miy with 71 = in, 72 = t%, 73 = ir^ so 
that "ETL^T^Lxa - = -\L^L^ . Q is Majorana with Q = Q^ l2l Q = Q T 72 , Q = Q c = 72^f ■ 
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In this embedding superspace we can realise the generators in the algebra (1) as follows 

d _ d 

Jpv — -qq^ixvQ ~ ( x fid u — Xyd^) = —T,^ u 6 + L^ u (3) 

Q = 7^ + 7%|j (4) 
06 

Q = -h^ + . (5) 

(We do not include the translation operator in the Bosonic sector of this algebra, as in 
[13].) 

We can identify at once the supersymmetric generalization of two SO(2,l) invariants 
which are crucial to Dirac's approach. First, the generalization of the SO(2,l) invariant 
x^x^ is 

R 2 = x% - 66 (6) 

and second, the generalization of the SO (2,1) invariant x^d^ is 

A = x^ + 6 t -^ = x^ + 6 t -t. (7) 

In other words, both R 2 and A commute with J^ u and Q. Dirac [1] used the constraint x^x^ = 
a 2 to go from the embedding space to dS± space; we use its supersymmetric generalization to 
go from the embedding superspace to the AdS2 superspace. This entails including a factor 
of 5 (R 2 — a 2 ) = 5 (x 2 — a 2 ) — 665' (x — a 2 ) in the action. Also Dirac used x^d^ to define 
fields, initially given on the dS± surface, away from that surface; likewise we use A to define 
superfields, initially given on the AdS2 supersurface, away from that surface. 

A scalar superfield will be a scalar function defined on the embedding superspace, <3>(x, 6). 
In the Dirac approach, the superfield is considered defined on the surface x 2 = a 2 by including 
the supersymmetry invariant factor of 5 (R 2 — a 2 ) in the action. It is defined away from this 
surface by imposing the condition 

A$ = w§ (8) 

where w is a real eigenvalue. We note that this condition is preserved under a supersymmetry 
transformation. Expanding $ in powers of 6 

6) = (f>(x) + X(x)6 + F{x)66 . (9) 



we can at once identify the component fields, namely, two scalar fields <f> and F and a Majo- 
rana spinor field A. The condition (8) translates into the following homogeneity conditions 
for the component fields 

(x^ -w)<f>= (x^d^ + l-w)X = (V^ + 2 - w) F = . (f 0) 

The SUSY transformations for the component fields are induced from 

6<S> = i[iQ,$} (11) 

by the realization (4); we find 

5<p = i£ 7 %A (12a) 

5X = i~^{d^ + 2x,F) (126) 

5F = -|| 7 • 8X . (12c) 

It is now possible to specify an action in terms of the superfield <E> that is automatically 
invariant under the SUSY transformations associated with the AdS% algebra (1). To do this 
we introduce the operators E(a,{3) defined by 

d 

E(a, (5) = cry • 89 + fa ■ x^ (13a) 

89 

E(a,{3) = -a6 1 -d + {3-^- 1 -x. (136) 

Ou 

If a = 1/(5 (and only in this case), E(l/f3,f3) i=Q) satisfies the algebra of eq. (lc). Further- 
more, 

[E(a,P),A] — (14a) 

for all a, P while 

[E(a,(3),R 2 ]^0 (146) 

unless a — (5. It is now possible to write down a family of free supersymmetric actions for 
the superfield <£> in the embedding AdS2 superspace, namely 

S 1 (a,(3,p) = j d 3 xd 2 65(R 2 - a 2 ) $ + p) $ . (15) 



The role of the ^-function is to constrain the integration over the embedding superspace 
to just the AdS2 superspace part of it. It implies that the Bosonic part of the superspace is 
constrained to lie on the AdS2 surface embedded in 2 + 1 dimensions as 



5[R 2 - a' 



5{x z -a z ) -5' x 2 -a z )99 



(16) 



Clearly Si is SO(2,l) invariant; it is also supersymmetric. (The product of the three 
scalar superfields $, EE<& and S (R 2 — a 2 ) is also a scalar superfield, and by (12c) the 99 
component of any scalar superfield transforms as a divergence. Upon defining / d 2 9 9 9 = 1, 
the 9 integration in (15) picks out the 99 component of the superfield integrand, and thus it 
follows that (15) is supersymmetric for all values of a, j3, and p.) 

The component field form of this action can be deduced using 



—af3 

We find that 
Si(a,[3,p) = / d 3 x<d(^ 



39 89 2x 

2(x -d) + 29(-x-d + TTLJ) 4, - 39-L 
v ) v 09 89 



(17a) 



2 2 

x — a 



p + 3a/? N 



a 



\ + -^<f>(irL IM , + 2w(l + w)). 



(17b) 



2 2 

x — a 



2x 2 (3 2 (j)F - (p - 2a(3uj)(j) 2 ] } 



-2x 2 p 2 F 2 + 2(p + ap)(pF] + 5' (a 

Here the action is expressed as an integral over the embedding space of AdS2- Integrating 
over ^xFx^ using the 5-functioni we find the action integral defined on the AdS^ surface 



S x (a,p,p)= d 2 A[-)\\ 



a(3 ( JTL^ - - ) - p/2 



A 



2 We use 



d 3 x 8' (x 2 - a 2 ) f(x) = - I d 3 xS(x 2 ~ a 2 ) (x ■ d + l)f{x) 



^[ d >A a -(x. d+ i)nx) 



(x 2 —a 2 ) 
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+ ^0 [a 2 {ITLp, + 2w(l + iu)) + (2iu + l)(p- 2af3w)\ 

-2a 2 /3 2 F 2 + [-(3 2 {2w + 1) + 2(p + a/3)] 0F} . 

It is of interest to compare this supersymmetric action on AdS2 derived by superfield 
methods with the supersymmetric action constructed previously [2] without the benefit of 
superfield techniques. The free part of that action was (with a 2 = 1), 



S 



d 2 A 



{YTL^ + X + Ai) + A ( -L^ V 



(19) 



+ X (1 + x) + Ai(l + 2 X )) A - £? 2 + 2AxAB , 

where A and -B are real scalar fields and \I/ is a Majorana spinor. The SUSY transformations 
under which S is invariant are 

5 A = |* (20a) 

5* = - [(ITV - (1 + *)) A - £] £ (206) 

5S = -|[E^V + X ]*. (20c) 

These transformations satisfy the algebra of eq. (lc). 

Let us compare the two actions (18) and (19) and the SUSY transformations under which 
they are invariant, (12) and (20) respectively We note that the transformations (12) and 
(20) are identical if we identify A — 0, — 27 • x\, B = —2x 2 F and x — ~ 1 — w - However, 
the action S in (19) does not yield Si in (18) if we make this identification; we find (using 
S^Vt • x = 7 • xH^L^ - 2 7 • x) 



S = J d 2 A{~\(^L, u -2 + x + \i)\ 



(21) 



+0(-L^V + X (l + X ) + A 1 (l + 2 X ) 



-4F 2 - 4Ai0F} . 



This form of S and the form of Si in (18) cannot be equated for any values of a, f3 and p. 
However, both are invariant under the same SUSY transformations, namely eqs. (12). 
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It is possible to write down another family of supersymmetric actions in superfield for- 
malism, 

S 2 ( a , P,p) = J d 3 xd 2 65 (R 2 - a 2 ) [- (e$) (E<Z>) + p$ 2 ] . (22) 

The actions S 2 are distinct from the actions of Si unless [E, R 2 ] = 0, which only occurs 
when a — (5. S 2 is clearly supersymmetric; the product of the spinor superfields E$ and 
E<& is a scalar superfield and hence the integrand is a scalar superfield whose F component 
transform as a total divergence (12c). 

The actions of eqs. (15) and (19) do not involve interactions. A suitable interaction in 
the superfield approach is given by 

S N = g N J d 3 xd 2 95 (R 2 - a 2 ) <$> N (N > 3). (23) 

It is also possible to supplement the action S of eq. (19) with an interaction Lagrangian 

/r ~ i N 

d 3 x [(1 + 2 X )A 2 + 2AB\ (24) 

(N > 2). For all N, Sn in (24) is invariant under the transformations of eq. (20). The 
interactions Sn and Sn are clearly distinct, as Sn contains a contribution of order (AB) N 
while Sn is at most linear in F. 

The N = 2 SUSY algebra on AdS 2 involves replacing (la) by 

{Q„ Qi) = -ietja ± ISi-Zrj^ (25a) 

and introducing 

[a, Qi] = ±ieija . (256) 

(Either sign is consistent with the Jacobi identities.) The occurrence of an 'internal symme- 
try' generator a in (25) is reminiscent of the Z generator in the simplest SUSY algebras on 
the surface of a sphere S 2 embedded in three dimensions. On S 2 one can only have Dirac or 
symplectic Majorana (but not Majorana) spinors. These SUSY algebras on S 2 are 

{R,R^} = Z T 2a- J [J a ,R] = -^a a R (26a, 6) 



[Z, R] = tR [J a , Jb] = ieabcJc (26c, d) 

where R is a Dirac spinorial generator. A multiplet consisting of a Dirac spinor and two 
complex scalars has a supersymmetric action given in [2] which is similar in form to the sum 
of (19) and (24). It is interesting to speculate that a superfield formulation, which carries a 
representation of either of the algebras of (26), can be found for the case of S 2 . Indeed, it is 
possible to realize the operators occurring in (26), namely R, R) , Z and J, on a 4|4 space 

R = {*.*+0)±±(±-*.*)o # = £ { *.2 + ft^(£-*.jj (27a, 6) 



m 9 8 

9(Ta M + m 



+ ( —ix x V 



tf—-9— 

cW 89 



(27c, d) 



To achieve this realization we have introduced an auxiliary variable (3 which does not seem to 

have anything to do with the sphere S 2 . The 5*0(3) invariants x 2 and x- V can be generalized 

to x 2 - (3 2 - 20 f and x ■ V + /3^r + ^t^t + 0-^-, both of which commute with R, R\ J 

8p 89* 89 

and Z. However, no such superfield formulation has yet been found. Indeed, it may be 
necessary to consider harmonic superspace, as has been done for N = 2 supersymmetry in 
four dimensional Minkowski space [10], to achieve this formulation on S2. 

In this paper and in our previous work [2] , we have chosen to follow the approach of Dirac 
[1] and work in the flat embedding space for AdS 2 - A more conventional approach has been 
used to construct supersymmetric models in AdS 2 [5,6]. In this approach one works directly 
in the two dimensional constant curvature AdS 2 space. Although a superfield formalism 
in 2 [2 dimensions using supergravity techniques is known [7-9], no superfield version of the 
AdS 2 models of [5,6] has been given explicitly. 

It remains to be seen what precise relationship (if any) there is between the models which 
we have presented in this paper and the models of [5,6]. A somewhat similar problem for the 
spinor field has been considered some time ago [11]. In that case the relationship between 
Dirac's dS± wave equation and the spinor wave equation in a four dimensional space of the 
appropriate constant curvature was examined. We establish below, and in the appendix, 
the mappings between the Bosonic and spinor free field equations of motion in the two 
formulations. 
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We can parametrize AdS 2 space using coordinates t and p where 

x 1 = a sin t sec p x 2 = a tan p x 3 = —a cos t sec p. (28a) 
This implies that in AdS 2 space 



,2 



a 

cos 2 p 



9u = -922 = TZ^T, ' w l 2 = - tanp , w l 2 = (296, c, d) 



while the 50(2, 1) generators are 

L 21 = cost sin pd t + sint cos p d p , (29e) 
£31 = d t L 32 = — sin p sin 1 9 4 + cos t cos p 9 p . 

It follows that 

\l^L, u = cos 2 p (d 2 - d 2 ) = 1 ^ a6 9 a 9 6 (30) 

showing that the Bosonic field equations of motion are equivalent in the two formulations. 
In the models of [5,6] the spinor equation of motion is, using our conventions, 

= (7"D a - m) x = cos p (y l d t + ^ 2 d p + 7^12 tanp) - m \ ■ (31a) 

In the models we have considered, in this paper, the spinor equation is of the form 

= (E^L^ - M) A = \i [7 s (cos t sin p d t + sin t cos p d p ) 

+7 2 (<9<) + 7 1 (- sin p sin td t + cost cos - m} A . (316) 

Although equations (31a) and (31b) appear to be different, they are actually equivalent. We 
can provide a linear mapping between their solutions x an d ^- The details of this mapping 
are provided in the appendix. 

The whole question of quantization and the computation of radiative effects requires 
examination. Some preliminary work, in the context of the multiplet approach discussed 
above, has been reported in [2]. With the development of superfield versions of models 
on AdS 2 , the possibility of quantization in superspace and of doing computations using 
superspace Feynman rules arises. 



The models presented in this paper may well allow the construction of supersymmetric 
non-linear sigma models in which the world sheet is an AdS2 space and the target space is 
a general N dimensional space. [12] 

Supersymmetric models on higher dimensional spaces of constant curvature merit con- 
sideration. 
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Appendix 

There is a linear relationship x — TX between the wave functions x an d A appearing in 
(31a) and (31b) respectively provided 



(7°£> a — m)TX — kT (£^ V - M) X . 



(Al) 



Here k is a constant and 



T 



f A. B- ^ 
V A + B + J 



(A2) 



With the Dirac matrix conventions of footnote (1), we find that (A.l) leads to the following 
consistency conditions upon identifying corresponding terms dependent on A, d t X and d p X: 



C p (d t ± d p ) ± -S p 



C p (d t ±d p )±-S p 



A± = —iAAn 



B, 



-iAB 



iC p A ± = k [(-C t S p ) A T + (1 + S p S t ) B T ] 

%C P B ± = k [(-1 + S p S t ) A T + (C t S p ) B T ] 

iA ± = Tk [S t A T + C t B T ] 

iB± = T k [C t A T - S t B T ] . 

(Here, C p = cosp, S p = sin p etc., A = m — kM and we have set a = 1.) 
The algebraic eqs. (A. 4 - A. 5) are solved by 

■p-V 



B- = tan 



A. 



C p — c t 



(A3a) 

(A36) 
(A4a) 
(AAb) 
(A5a) 
(A56) 



(A6a) 
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A + = tan [ ] D A 



B A 



and 



i ( c t + c; 



k 2 = l. 



B_ 



(AM) 
(A.6c) 

(A.7) 



The differential eqs. of (A. 3) are consistent with (A. 6) if A = —k, or in other words 

m = k(M - 1) . 

Finally, by using (A. 6) and (A. 3b) we find that B_ satisfies the equations 

1 



{At 



COS{X + — 



1 cosfa^ 
-sin x+ - x_ + — — 

2 sin [x. 



B_ 



(A.9a) 



and 



( \a I cos ( x +) d 

COS [X + — X-) + I — r-D- 



sin rr_ 



1 . , . / cos(x + j \ 

2 \ sin x_ / 



B_ 



(A.%) 



where x± = \{t ± p). Eq. (A. 9) serves to fix the dependence of B_ on x + and x_; from 
eq. (A. 6) we then find B + , A + and A_. A linear relationship between x an d A has been 
established. 
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